Types of series, convergence tests, and error bounds

Convergence of a sequence We write
y lima, =1L
A . n-oo
Y Q. a and say that the sequence (a,,) converges to L
L+eg Q to informally mean that the value a,, can be
L+ o o made to be arbitrarily close to L by requiring n
L—-e1 4 to be a sufficiently large positive number
Q and to formally mean that solong as e is a
- , - positive number, there exists a number N so
0 1 2 N that trapping integer n in (N, +o0) guarantees
\ that a,, is trapped in (L — €, L + €).
Convergence of a series We write
[ee] n
y .
A Zai:zhmZaizL
n—-oo
L+et i=1 i=1
L+t . 9 Sy
L-ey y=S, Q ¢ and say that the series };;2, a; converges to L
az a | to informally mean that the value S,, can be
P a Q % made to be arbitrarily close to L by requiring n
o ] i N > to be a sufficiently large positive number
Y

and to formally mean that solong as e is a
positive number, there exists a number N so
that trapping integer n in (N, +o0) guarantees
that S,, is trapped in (L —€,L + €).

Identities
y n
La+Lg y—;(a,*—b)
Q
? ) w=2b
LB i=1
? ) W, 9b4 Iy
La ?bl P a}d i as f )’J: z,l a;
a ) e
uy;b' ) F ) f )
o : n

Hypothesis

Yim—1 @, Converges
2. Y1 b, converges

Conclusion
Each LHS below converges to the

value of the corresponding RHS.
2 ca, =c¢ Z a,, ca constant
n=1 n=1
Z(an +b,) = z + Z b,
n=1 n=1

Convergence of a series relates to
convergence of its terms
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nth term test for 111_{130 n
divergence —o!| 20 | DNE
i Converges | OK | No No
a
T Diverges OK | OK OK
n=1

Finite number of terms does not
affect convergence

Z =Zan z a,, NEeZ*

n=N+1
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Types of series, convergence tests, and error bounds

Descriptions of tests/series Conditions Conclusion/formula
Geometric converges
' lrl <1 5 a
y==5, a_«,? a4°'\ 1 -r
®© az? ) )
5= arm 3 4
n=0 a r| > 1 diverges
2 "
Integral test ° ©
© ff(x) dx and Z a,
S= Z an A /y =an n; n=n;
n=n;
both converge
_ -or-
= f() both diverge.
?n gg’sﬁ?\)/’ef(x) S < o 1 5 3 4 Jon,x If X7=n, an converges by the integral test, then
2. decreasing ‘ 00 00
Jf(x)deS—Sn Sff(x)dx
n+1 n n
p-series p>1 converges
} :2%?]
o) )
g Z 1 . g
= —_ L n
D 1 3 f ?, - l .
=" 9 1] 1 ol p<1 diverges
y 3 8
p>0 o
) 1 ) n
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Types of series, convergence tests, and error bounds

Descriptions of tests/series

Conditions

Conclusion/formula

Direct comparison test ¥

oo L
I

SA = an
1

S
Il

~<
Il
-
&

o
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Q=
S
S
S
e )
N2
o
S
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I
T
S

[0¢]
2 b, converges
n=1

(00}
Z a, converges

[00]
n=1
Ss= ) by al® n < b
n=1 =0 i 2
Both a, and b,, = 0
y ry= ;a,-
A%
i=1
114%
1
by ==
as by = 1 ® ) o
3T Z b, diverges
aly o1 ] 4 =i z a, diverges
2~ 2'/2 > b n=1
a, =
. U T S n=On
ai | b :%
0 1 2
- . - n (00} [ee]
Limit comparison test 4 y=3b
00 n} “ a, Z a, and Z b,
S Z Lyt %, lim—=c¢>0 =i =1
= a n—-oo
4 n b B o oth converge
= , where c is a (finite) number

n=1
SB - Z bn
n=1

Both a,, and b,, > 0
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- or -
both diverge

(00}
. an
lim — = 0 and b,, converges
n—->oo bn

n=1

a, converges

s

S
Il
_

[0¢]
. an .
lim — = +o0 and b, diverges
n—-oo n

n=1

s

a, diverges
=1

S
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Types of series, convergence tests, and error bounds

y y=2CD)

Cancellation between terms can only occur if terms have different signs.

A i=1
|
1 4 4
-b _ P
Ly +b, ? +b;s by +bs
|
d ! 7
oy 1 > 3 4 5§
y
A
%
|+bs|
y=2lc el g
|=b4]
?
|+b3|
2
|=b2|
f
|+b1]
:Ow 1 2 3 4 5 g
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n=1
converges diverges
[00] (00}
- converges Z a, “converges absolutely.” Z a, “converges conditionally.”

n=1 n=

an -

n=1 R .
diverges Does not happen Z a, diverges.

Descriptions of tests/series

Conditions

Conclusion/formula

Alternating series

=) (D",
n=1

bn+1 < bn‘v’n

converges

“Forgotten” error bound
1! usable even in problems

lim b, = 0 where wording inspires use
S=+by—by+b3—by+bs— - nmee of Lagrange error bound
by, >0 IRl =[S = Spl < bpyq

Ratio test G

. n+
111 often used to find interiors of Jlim |——| <1 converges absolutely
intervals of convergence of "
power series

a

S = z a, AI_IEO‘ ZH >1or =+ diverges
n=1 "

Root test lim Yla,| <1 converges absolutely

%)
I
[
:Q

S
Il
iy

lim 3/|a,| > 1or = +o
n—oo

diverges
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Types of series, convergence tests, and error bounds

Power series Possibility | Converges Iffy Diverges
it 1 Onlyatx =a Everywhere else
SZZCn(X—a)n 2 On|x—a|<RforsomeR>0|x—a=+R |On|x—a|l>R

n=0 3 Everywhere Nowhere

| 2R >]

Y
diverges converges diverges
x<0 on 2<x
interval of convergence
0<x<2 y=Ti(x)
| =7y =T3(x)
T o - — ln x
centering r‘/ Y (x)
y = Tp(x) y = T(x)
SRt it hadaas- _ anas. ——— - X
2 y=Tx
_ —1
y=T\(x) T
y = T5(x) On0<x <2,
: i x—1)! (x—1)?% (x-1)3
S ffy=ine o D LoD oD
y=T3x) Y 1 ° 3
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Types of series, convergence tests, and error bounds

Taylor series

Series to be molded to imitate function Function to be imitated Recipe for imitation
Tx)=cot+tc(x—a)l+c,(x —a)? + c5(x —a)® + c,(x —a)* + -+ f(x)

Features to be molded Features to be imitated

TO(a) = ¢y + ci(a—a)t + c,(a—a)? + c3(a—a)® + cu(a—a)* + - FO(a)

T'(x) =0+ ¢ +2c,(x — )t + 3c3(x —a)? + 4cy(x —a)® + -

T'(a) = 0+ ¢; +2c,(a — a)* + 3cs(a — a)? + 4cy(a — a)* + -~ f'(@
T"(x) =0+0+2-1c, +3-2c3(x —a)' +4-3c,(x — @) + -
T"(@)=04+0+2-1c; +3-2c3(a—a)t +4-3c,(a — a)* + - (@)
(n)
T™(a) =nlc, F™(a) ¢, = f '(a)
n!

, 1" " ® (n)
T(x) =f(a)+f§!a)(x—a)1+f2—(f)(x—a)2 +f3—(f)(x—a)3 t o =;fn—!(a)(x—a)n

Theorems related to convergence of Taylor series to desired function (for college)

Hypothesis Hypothesis
1. f(x) =T(x) + R, (x) 3 an interval I satisfying the following conditions:
2. T,(x) is the nth-degree Taylor polynomial of f centered at a 1. Centering value a € I
3. lim R,(x) =0on|x—af <R 2. Evaluation value x € I
) 3. Ininterval I, f has n + 1 derivatives

Conclusion _

i £ () G ay" — £ on [ — al < R Conclusion R,

1 - _ _\n+1
4 ! dzs.ta<z<xorx<z<astR,(x)= —(n ey (x—a)

Page 6 of 8 DAVIDLIAO.COM



Types of series, convergence tests, and error bounds

Lagrange error bound

11! Do not have to use this if the alternating series error bound formula will work.

Exploration

Consider a function f(x) having Taylor series T (x) and second-order Taylor polynomial T,(x) = f(a) + [ )( a)l + I (a)( —a)?

centered at x = a. Let f(x) and T,(x) both be evaluated at an x > a. How different are f(x) and T, (x)? Study a bound on f"(t) on
an interval a < t < x to find out.

—max|f" ()| < f"'(t) < max|f""(c)]
ascsx ascsx

t=x t=x t=x y
f —grslgs)ilf”’(c)l dt < j @) de< j g?gilfm(c)l de o 6“ y :f(x)
— max|f""(c)| (x — @) < f"(x) - f"(a) < max|f"(c)| (x - a)
t=x o t=x ) _t=x 05 T
—max|f"" ()| (t —a)dt < @) - f"(a)dt < max |f""(c)| (t — a) dt
t:_]‘; ascsx t:_j‘; t_:j‘; ascsx 0.4" -.._.,.0'(1.5’0.3%)
_ 27t _y2qtex
|- maxir @S] s r - - iz = [mairen <5 031
(x— tza (x — a)z = 024 (1.5,Tz(1.5) + 0.396'1'§2_+0'11)|!M>
— max|f"'(c)] <) =f'@ = (@& - a) < max|f" ()] —; Céntering .
t=x ( _ t=x t=x (t _ )2 0.1 ]301nt- """ (1.5,f(1.5)) y= f(x)
| - maxircl P [ ro-r@-r@e-ads | mxirel de ot
t=a - t=a t=a T ‘ﬂ'——l‘—l—l—l—l—l—l—l—l—l—l—l—l—i—wl—l—l—i—l—l—l—l—i—l—bx
( a)3 t=x (t—a)z t=x ( a)3 t=x 0 ) 0.5 1 1.5 2 2.5
[ max|f"(c)] ] <FG)—f@) + [—f’(a)t—f”(a) ] max|f" (o) ] 014 |\ (157:0)
<x 3-2 ], t=a t=a a=01 y=T(x)
3 ” —_ N3 _ 1
- maxlf @1 S22 < 0 - @ - LD - ay - D - < ey & 3'“) 02 (15709 -03ps5 =00
_g?s)ilf(z’rl)(c)lm < f(x) — [f(a) +&( —a)t+ f! ( )(x _ a) < ma);|f(2+1)( )| — 12)‘:'1 —03"
T (x)
_ max|f(2+1)(c)|—)21 < f(0) = To(x) < max |f(2+1)( )| —a)**!
ascsx @+ 2 2+ 1!
An analogous pattern mvolvmg T,,(x) can be obtalned usmg induction.
+1 n+1 )n+1
— max|F™+(c )|W_f<x) T,(0) < max|F ()] (nfn,
Allowing for the possibility that x < ¢ < a, we obtaln
n+1
(n+1) - =t
If () = T, ()| < max |[f ™+ (c )| T D
or
Xsc=sa
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Types of series, convergence tests, and error bounds

Taylor’s inequality 0.25|x|?
(as in Stewart, ignore for AP) y = Th(x) + : 3"

11! Do not have to use this if the
alternating series error bound
formula will work.

Hypothesis
1. Considering a y=f(x)=0.1x—0.1x* + 0.01x*> + 0.01x* )
neighborhood <t oMl : > X
|x — a| < d containing -6 4 6
the centering point.
2. In this neighborhood, the ;
magnitude of the n + 1%t derivative R 271
of the true function is bounded, y=Tx)=0.1x—0.1x*
e.g. |[f™V(x)| < M, for some
(finite) number M. 41
Conclusion ! ’ 0.25x]?
In this same neighborhood, |x — a| < d, the v ="T5(x)— 3
error of the truncated Taylor polynomial of ’ 2
degree n is also bounded: '*y*'
Ra (O] = 1f (0) = Tr ()] < o I — al™*?

y=7"x)
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