I’Hépital’s rule

Artificial motivating example

Each of functions f and g has the following properties:

e Rootatx=a
e Equalto linearization at x = a

¥
A
fla+Ax)-

Even though f (above) differs from its x = a linearization,
the graph of f resembles, near x = a, that linearization.
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f&x) = Fl@) + f'(@)(x —a)
0

9() = 9(@) + g'(@)(x — a)

f'x) =f"(a)
SO
g'(x)=g'(a)

Attempting
quotient rule
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Try factor

(x) and cancel .
lim f— =2
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Notice that another limit yields the same result
f'x L @ f(a)
lim —— = lim
xag'(x)  x-ag'(a)  g'(a)

So

lim f&) = lim [
xsag(x) x-ag'(x)

I’Hopital’s rule

Hypothesis
1. f and g are differentiable
2. g'(x) # 0 near a (except possibly at a)
3. Either of the following:
a. limf(x)=0andlimg(x)=0
X—a xX—a
b. lim f(x) = too0 and Jlci_r)rcllg(x) =t

4. hmf( ) has a value (or is + )

x-ayg ,()
Conclusion
lim fx) - lim f1e)
xoa g(x)  xoag (x)
Steps
1. Write the given limit
lim _f(x)
x=a g(x)

2. Determine whether direct substitution (or “direct
substitution” for limits “at” +oo) yields a value (or +oo) for
the limit.

a. If yes (e.g. when taking limit of continuous function at a
value of x), stop.

b. If, instead, one of the indeterminate forms 0/0,

i00/+oo’ +oo

or — results, go on to step 3.

Foo

3. Report the limits leading to the indeterminate form (don’t
usually need to mention differentiability):

lim f(x) = 0or o

@xa

lim g(x) = 0 or £
x—-a

4. Provisionally try to find a value for

f'(x)

mg (x)

5. If the limit in step 4 has a value (or is +0), write a justifying
note above and the rest of the equation to the left of your
work from step 4. You can also annotate the equal sign
(not seen in AP Calculus scoring guidelines).

Using I'Hépital’s rule,
lim f &) - lim f'x)
ag(x) = o*9 ()

Product to quotient

Inx DS —co
llm xlnx = hm = —
x—0+ x—0+ 1/ +00
lim Inx = —
+

x—0
lim 1/x=+oo
x—-0%
Using I'Hépital’s rule,
nx o'y DS.

— lim oy &
x—>0+7 o x—>0’r (1/ ) xl>0+ — 1/ ) - xllgl“‘ x
X

Therefore,
llm xlnx =0

x—0%

Power to quotient

L "DS”
L=1limxx £ oof
X—00
o1 1 1 Inx
InL =In(limxx )= limInxx = lim —lnx = lim —
X—00 X—00 x—)OOx X—00 x

lim Inx = 4o

@ X—00
limx = +oo
X—00

Using I'Hépital’s rule,

Inx ~ (Inx)’ _ / Dm
lim T = llm W ll T =
X—00 “ x—o00 X
®
Therefore,
InL=0
L=e%=1
1
limxx =1
X—00
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